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Abstract

We consider three different types of global un-
certainty models for discrete-time stochastic
processes: measure-theoretic upper expectations,
game-theoretic upper expectations and axiomatic
upper expectations. The last two are known to be
identical. We show that they coincide with measure-
theoretic upper expectations on two distinct
domains: monotone pointwise limits of finitary
gambles, and bounded below Borel-measurable
variables. We argue that these domains cover most
practical inferences, and that therefore, in practice,
it does not matter which model is used.
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1. Introduction

To describe the dynamics of a discrete-time stochastic
process, one may choose between a number of differ-
ent mathematical approaches. There is of course the
measure-theoretic option 2, 13, 14]—undoubtedly the
most popular one—but one can also use martingales
or game-theoretic principles to do so [11, 12, 22]. Each
of these approaches has its own unique strengths and
flaws, and each of them—rightly or not—has attracted
a dedicated group of followers. Our aim here is not to
argue for the use of one or the other though, but rather
to study the mathematical relation between the (global)
uncertainty models that arise from these approaches in
a general, imprecise-probabilistic context. As we will see,
they turn out to be surprisingly similar.

All the global—imprecise—uncertainty models that
we will consider take the form of an upper (or lower) ex-
pectation [19, 20]; a non-linear operator that can—but
need not—be interpreted as a tight upper bound on a
set of expectations. They are called global because they
model beliefs about the entire, uncertain path taken
by the process. In that sense, they differ from—and are
more general than—Ilocal uncertainty models, which
only give information about how the process is likely to
evolve from one time instant to the next. Such local mod-
els form the parameters of a stochastic process, whereas

© 2021 N. T’Joens &J.D. Bock.

the global uncertainty model that follows from it—in
our case, a global upper expectation—extends the in-
formation incorporated in these local models. It is the
particular way in which this extension is done that dis-
tinguishes one type of global model from the other.

We consider three global models. The first is a prob-
abilistic model that is defined as an upper envelope
over a set of measure-theoretic global expectations
[10, 18]. The second is based on game-theoretic prin-
ciples, and defined as an infimum over hedging prices;
see Refs. [11, 12]. The last is an abstract axiomatic model,
whose defining axioms we have motivated in an ear-
lier paper [18] on the basis of both a probabilistic and
a behavioural interpretation. We have already shown
that the second and third of these three global upper
expectations are identical [18]. In this paper, we re-
late the first—measure-theoretic—one to this common
axiomatic/game-theoretic upper expectation.

Our contribution consists in showing that they are
equal on two different domains: variables that are mono-
tone (upward or downward) limits of finitary gambles—
bounded variables that only depend on the process’ state
at a finite number of time instances—and bounded be-
low Borel-measurable variables. Upper expectations on
these two types of domains cover the vast majority of
inferences encountered in practice; upper and lower!
expected hitting times, for instance, fall under the first
category [9]; upper and lower expected time averages un-
der the second [15]. Hence the title of this paper. That the
three considered global upper expectations are equal on
such alarge domain is relevant in a number of ways. First
of all, it leaves no room for discussion when it comes to
choosing a global model; it simply does not matter since
all of them are equal. Philosophically speaking, it is inter-
esting that, whatever the interpretational point of view
and associated system of logical reasoning is, we always
end up with exactly the same object. Finally, and maybe
most importantly, such a relation provides us with alarge
number of additional mathematical properties for the
models at hand; properties that were previously only
known to hold for one or two of these models, suddenly

1. Lower expectations can be derived from upper expectations using
conjugacy; see Section 3.1 and Corollary 14.
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hold for all three of them. We refer to Refs. [3, 9, 10] for
an illustration of how properties acquired in this way
have already led to important consequences.

To adhere to the page limit, we have relegated most of
our proofs to the appendix of an extended online version
of this paper [16].

2. Local Uncertainty Models

A discrete-time stochastic process is an infinite sequence
X1,X5,..., Xk, ... of uncertain states, where the state X;. at
each discrete time point k €N takes values in a fixed non-
empty set &, called the state space. We will assume that
this state space & is finite. Typically, when modelling the
dynamics of a stochastic process, one starts off on a local
level, by specifying how the process’ state X is (likely) to
evolve from one time instant to the next. In particular, we
do this by attaching a so-called local uncertainty model
to each possible situation; a finite—possibly empty—
sequence Xp., i= Xj X, --- X of state values that represents
a possible history X; = x;,-++, X} = X up until some time
point k e Ny, with Ny :=NU{0}. The local model associ-
ated with the situation x;.; then models beliefs about
the value of the next state X;.,;, conditional on the his-
tory represented by x;.,.. We let ™ := UieNo%i be the
set of all situations and we denote the initial (empty)
situation by 0:= x,.0=2°.

Among the most popular types of local uncertainty
models are (probability) mass functions p on Z’; for
any situation x;., € Z'*, the mass function p(-|x;.;) then
provides, for each x;,; € ', the probability p(xi,1]x1.x)
that the value of the state X, ; will be equal to x4.4;. Such
afamily of probability mass functions is represented by a
single function p: s € Z*— p(-|s), which we call a precise
probability tree.> What is equivalent, but less of a popular
habit, is to attach to each possible situation xj.;, € Z'*
an expectation E,, , on the set £(Z) of all real-valued
functions f on Z'. These expectations E, , may then
be interpreted in a measure-theoretic sense, as coming
from an underlying family of mass functions p(-|x;.x),
but they can also be interpreted in a direct behavioural
way as a subject’s fair prices, as De Finetti does [5].

Unfortunately, irrespective of one’s preference be-
tween mass functions and linear expectations, both of
them are rather inadequate when modelling situations
where data is scarce, or when modelling the beliefs of
a conservative (risk-averse) subject. In such situations,
one can reach for so-called ‘imprecise’ probability mod-
els[19, 20, 1]. These come in many different shapes and
forms (e.g. sets of desirable gambles, belief functions,
credal sets,...), but, for our purpose of modelling the lo-

2. The reason why we call it a ‘tree’ is because it is a map on Z*,
which can naturally be visualised in terms of infinite (event) trees
[4, Figure 1].
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cal dynamics of a process, we will only consider two
specific—yet wide-spread—ones; credal sets and coher-
ent upper (and lower) expectations.

The first, credal sets, are closed (under the topology of
pointwise convergence) convex sets of probability mass
functions; see e.g. [1, Section 9.2]. If we attach to each
situation s € Z'* a credal set 2; on 2, then we obtain
a so-called imprecise probability tree 2,: s € X* — &,
which we will often simply denote by 2. For any s € Z'*,
the associated credal set 22, may then be interpreted as
a set that contains all local mass functions p(:|s) that
are deemed ‘possible’. Such an imprecise probability
tree & parametrises the stochastic process as a whole,
and clearly does so in a more general manner than the
precise methods mentioned earlier; precise probabil-
ity trees correspond to the special case where, for each
seZ*, P, consists of a single mass function p(:|s). We
say that a precise probability tree p is compatible with
an imprecise probability tree &, and write p ~ 2, if
p(|s)e P, for all se *.

Another—yet equivalent—approach consists in speci-
fying a local coherent upper (or lower) expectation Q for
each s € 2’* [20]: a real-valued function on £ (%) that
satisfies, for all f,g€.2(Z') and A€Ry,

Cl. Q4(f)<supf
C2. Qy(f+8)<Q(N)+Qs(g)
C3. Q,(Af)=2Q,(f)

Any such family (Q,)sc4+ of local coherent upper ex-
pectations will be gathered in a single upper expecta-
tion tree Q,: s € 2* — Q,, which we will also simply
denote by Q. For any x;.; € 2°*, the upper expectation
6)61: , can be interpreted as representing a subject’s min-
imum selling prices—a generalisation of De Finetti’s fair
price interpretation for linear expectations.> More con-
cretely, this interpretation says that, given a situation
X1.x €Z*and any f € Z(&), our subject is willing to sell
the uncertain—possibly negative—payoff f(X;) for
any price a > le;k(f)' Axioms C1-C3 can then be seen
as rationality criteria. We refer to Walley’s work [20] for a
more detailed motivation and justification for coherent
upper (and lower) expectations.

Mathematically speaking, it does not matter whether
we use imprecise probability trees or upper expecta-
tion trees to characterise a stochastic process, because
credal sets and coherent upper expectations—and there-
fore imprecise probability trees and upper expectation
trees—are in a one-to-one relation with each other. In
particular, with any imprecise probability tree 22, we

[upper bounds];
[sub-additivity];

[non-negative homogeneity].

3. Traditionally, the behavioural interpretation of coherent upper ex-
pectations says that they represent infimum selling prices, rather
than minimum selling prices; see Ref. [20]. We opt for minimum
selling prices here because they fit more naturally with the super-
martingales that we will introduce further on.
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can associate an upper expectation tree Q, » » that maps
each situation s € Z™* to the upper envelope Q; 5 of the
linear expectations corresponding to Z;:

Qs (Ni=sup{ D flx)p(xls): plIs)e2,},

XEX

for all f € Z(%’). That each 6&9 is indeed a local co-
herent upper expectation follows from [20, Theorem
3.6.1]. Conversely, with any upper expectation tree Q,
we can associate an imprecise probability tree &, ; for
any s € 2, its local credal set 2 is the closed convex
set of all mass functions p(:|s) that are dominated by Qg,
in the sense that

Z f(x)p(x|s)<Q,(f) forall f € L(X).

XEX

It follows once more from [20, Theorem 3.6.1] that this
correspondence between upper expectation trees and
imprecise probability trees is one-to-one; that is, the
map & »—>6,Ho} is bijective and Q — 2, qisitsinverse. We
say that an imprecise probability tree & and an upper
expectation tree Q agree if they are related through these
mappings.

An important consequence of the one-to-one rela-
tion described above is that imprecise probability trees
and upper expectation trees can borrow each others
interpretation; local credal sets can be interpreted as
representing a subject’s infimum selling prices, whereas
local upper expectations can be interpreted as upper
envelopes of the linear expectations associated with an
underlying local credal set.

3. Three Types of Global Models

Imprecise probability trees and upper expectation trees
describe the dynamics of a stochastic process on a lo-
cal level—how it changes from one time instant to the
next—but they do not tell us anything, at least not di-
rectly, about more global features that relate to multiple
time instances at once; e.g. the time it takes until the pro-
cess is in a given state x € 2. We therefore face the fol-
lowing question. How do we turn the local information
captured by any of these trees into global information
about the process as a whole? Three possible solutions
are described in the current section, but we start by in-
troducing some necessary terminology and notation.

3.1. Preliminaries

A path w = x; x, x3--- is an infinite sequence of state val-
ues and represents a possible evolution of the process.
The sample space Q:= 2N denotes the set of all paths.
For any w = x; X, X3--- €, we let w* = x;.;, € 2% be the
finite sequence that consists of the initial k state values,
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and we let wy = x; € 2 be the k-th state value. An event
ACQisaset of paths and, in particular, for any situation
X1. € X%, the cylinder event T(x,.;) = {w € Q: wF = x1.1}
is the set of all paths that go through the situation x;..

We let R :=RU{+00,—00} be the extended real num-
bers, R be the subset of non-negative ones, and R be
those that are moreover real. We extend the total order re-
lation < on R to R by positing that —oo < ¢ < 400 for all
¢ €R and endow R with the associated order topology.

Any extended real-valued function f: % —R on some
non-empty set % will be called a variable. Any bounded
variable—that is, a variable f for which thereisa B €Ry¢
such that —B < f(y) < B for all y € & —will be called a
gamble.* The set of all variables will be denoted by (%)
and the set of all gambles by Z(%). Note that this def-
inition is in accordance with our earlier use of £ (%),
where it denoted the real-valued functions on & —which
are automatically bounded because &' is finite. The ele-
ments of Z(%) and £ (%) are called local variables and
gambles, respectively. On the other hand, the variables
in V:=_2(Q) and V:= 2(Q) are called global variables
and gambles, respectively; they may depend on the en-
tire path w €2 taken by the process. Variables that only
depend on the process’ state at a finite number of time
instances are called finitary; for such a finitary variable
f €V, thereis an n €N and some g € .2(2") such that
f(w)=g(w™)for all w €. We often make this explicit by
writing f =g(X;.,), where g(X;i.,,) .= g0 X;.,, and where
Xj.,, is the projection of w € Q on its first n state values
w". Sometimes, we also allow ourselves a slight abuse of
notation by writing f(x;.,,) to denote the constant value
of f(w)=g(x1.,) on all paths w € such that " = x;.,,.
We collect all finitary gambles in the set F. A special type
of global gamble is the indicator 1, of an event A, which
assumes the value 1 on A and 0 elsewhere. Forany s € X%,
the indicator I; := Iy of the cylinder event I'(s) is clearly
a finitary gamble.

A global upper expectation, finally, is a map E: V x
2* —TR; it maps global variables f €V and situations
s e X'* to a corresponding (conditional) upper expecta-
tion E(f|s). As we will see, such maps can play the role
of a global uncertainty model, in the sense that they can
represent beliefs or knowledge about the path w taken by
the process, or about the value attained by a global vari-
able f. Apart from global upper expectations, one can
also consider global lower expectations E: Vx 2* —R;
for each of the models that we will consider, these are
conjugate to the corresponding global upper expecta-
tion E, in the sense that E(f|s)=—E(—f|s) forall f €V
and s € Z'*. It therefore suffices to focus on only one of
them; our theoretical developments focus on E, leaving
the implications for E for Section 6.

4. This choice of terminology is due to Walley [20]. However, for us,
the mathematical object of a gamble is not necessarily bound to
the interpretation as an uncertain payoff.
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3.2. Measure-Theoretic Global Upper Expectations

We start by presenting a traditional measure-theoretic
approach, where global upper expectations are defined
as upper envelopes of sets of (linear) expectations, and
where each of these (linear) expectations on its turn is
derived from a different probability measure on (2.
Consider an imprecise probability tree & and let
p ~ 2 be any precise probability tree that is compatible
with &. With each x;., € Z*, we associate a probability
measure P, (-|x;.;) on the o-algebra # generated by all
cylinder events as follows. First, for any £ € Ny and any

Ccat let
Z Py (zrelx1:),

z14€C

Pp(clxl:k)::Pp(Uz”eCr 21 |JC1 :k

where Py, (21| 1) =

{—1
Hi:k p(ziz1lz1:)
1
0

1)

if k<fand z;.;. = x7.¢
ifk>¢ and zy.p = x7.¢
otherwise.

Itis then easy to see that, on the algebra generated by the
cylinder events, P, (+|x;.;) forms a finitely additive prob-
ability [10, Chapter 3]. Hence, by [2, Theorem 2.3], it is
also a countably additive probability—that is, a probabil-
ity measure—on this algebra and so, by Carathéodory’s
extension theorem [22, Theorem 1.7], P, (- x;.x) can be
uniquely extended to a probability measure on .

In accordance with standard practices, we then asso-
ciate with every probability measure P, (-|s) an expecta-
tion E,(-|s) using Lebesgue integration. That is, we let
E,(fls):= [, fdP,(|s)forall f €V forwhich [, fdP,(s)
exists, which is guaranteed if f is Z-measurable and
bounded below (or bounded above). For general f €ev,
we adopt an upper integral Ep( f|s) defined by

E,(fls):=inf{E,(g]s): g€V, and g > f1,

where Va,b is the set of all bounded below % -
measurable variables in V. It follows from [18, Propo-
sition 12] that Ep(-ls) coincides with E,(-|s) on the en-
tire domain where E,(-|s) is well-defined—that is, where
the Lebesgue integral with respect to P, (-|s) exists—and
hence, that Ep(-ls) is an extension of E,(-[s).

Finally, the global upper expectation E; correspond-
ing to the imprecise probability tree & is defined as the
upper envelope of the upper integrals E corresponding
to each of the precise trees p ~ 2. That i 1s for each f €V
and se X’*,

Ey (f1s)=sup{E,(fIs): p~2}.

This definition is in line with the sensitivity analysis in-
terpretation for imprecise probability models [20, Sec-
tion 1.1.5], which regards them as resulting from a lack
of knowledge about a single ideal precise model.

2
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The approach set out above should look familiar to
anyone with a measure-theoretic background, and we
therefore omit an in-depth conceptual discussion; we
instead refer to [18, Section 9] for more details. One
aspect, however, that we feel is worth pointing out is
the difference between our way of conditioning and
what is usually done in measure-theory. Usually, condi-
tional expectations (and probabilities) are derived from
a single unconditional probability measure through the
Radon-Nikodym derivative [13, Section 2.7.2]. We, on
the other hand, associate with each situation s € Z'*
a separate—in the traditional sense, unconditional—
probability measure P,,(-|s) and use this probability mea-
sure P,(-|s) to define the expectation E,(-|s). The rea-
son why we do so is because, unlike the traditional ap-
proach, it allows us to condition—in a meaningful way—
on (cylinder) events with probability zero; again, we refer
to [18, Section 9] for more details.

3.3. Game-Theoretic Global Upper Expectations

The second global model that we will consider is the
game-theoretic upper expectation introduced and, for
the most part, developed by Shafer and Vovk [11, 12].
This operator is defined in terms of infimum hedging
prices; starting capitals that allow a gambler to cover—
or hedge—the costs or gains of a given global gamble.
These hedging prices—and hence, these game-theoretic
upper expectations—are determined using the notion of
asupermartingale; a function that describes the possible
evolution of a gambler’s capital as he gambles in a way
that is in accordance with the local models Q.

Formally, for any upper expectation tree Q, a super-
martingale / is a real-valued function on Z* that sat-
isfies Q,(./(s-)) < .#(s) for all s € 2*, where .#(s-) €
(%) denotes the local gamble that takes the value
A (sx)in x € Z'. How can such a supermartingale be in-
terpreted in the way described above? Consider any situ-
ation x;., € Z* and a gambler—called ‘Skeptic’ in Shafer
and Vovk’s framework—whose current capital equals
A (x1.x)- Then, recalling our interpretation for the local
model Q x., as representing a subject’s minimum selling
prices, the condition that Q e (A (X1:50)) < A (X1:1) Im-
plies that Skeptic can use his capital .#(x;.) to buy the
uncertain reward .# (x;.; X, ) from this subject—called
‘Forecaster’ in Shafer and Vovk’s framework. If Skeptic
chooses to commit to such a transaction, he is actually
gambling against Forecaster, which explains why these
players are called Skeptic and Forecaster. So we see that
a supermartingale describes the evolution of Skeptic’s
capital if he chooses, in each situation, to buy a gamble
that Forecaster is willing to sell.

A hedging price a €R for any f €V is now a real num-
ber for which there is a bounded below supermartingale
M that starts in ./ (0)= a and such that liminf_# (w) =
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liminfy_, ;oo 4 (*)> f(w) for all w €. A hedging price
a for f is therefore worth more to Skeptic than the global
gamble f, because he is always able to eventually turn
the initial capital .#(0) =« into a capital that is higher
than the uncertain payoff corresponding to f, simply by
choosing the right gambles from the ones Forecaster is
offering. That ./ should be bounded below, represents
the condition that Skeptic can borrow at most a finite
amount.

For any f €V, the infimum over all the hedging prices
a is then what defines the (unconditional) global game-
theoretic upper expectation EG,@( f)of f. More generally,
the global game-theoretic upper expectationof any f €V
conditional on any s € Z'*, is defined as

Egg(fls)=inf{.#(s): # eM,,(Q),
(Vo eT(s)liminf.#(w)> f(w)}, (3)

where M;,(Q) denotes the set of all bounded below su-
permartingales. The unconditional case corresponds to
s=0;so0, Ega(f)=Egq(fI0).

As the attentive reader may have noticed, the defini-
tion above only applies to global gambles. So why not
to general variables f € V? The reason is that, on this
extended domain, the formula presented above would
yield an upper expectation with rather weak continu-
ity properties [17, section 8]. A simple solution is to use
continuity with respect to so-called upper and lower
cuts to extend the domain from V x 2* to Vx 27*.5 To
do so, for any f €V and any c €R, let f¢ be defined
by f/¢(x):=min{f(x),c} for all x €2, and let fV¢ be
defined analogously, as a pointwise maximum. Then
we henceforth let Egg: Vx 2* — R be defined by Equa-
tion (3) on Vx Z'*, and furthermore impose, for any
sex*, that

Gl. EG,Q(ﬂs)=limC_,+ooEG,6(f’\c|s) for all f €Vy;
G2. EGQ(ﬂs)=lirnc_>_ooEG,6(fVC|s) forall feV.

Properties G1 and G2 together clearly imply that EGQ
is uniquely determined by its values on V x 2*. Hence,
since EG,G on this domain is described by Equation (3),
it follows that Eg g is uniquely defined on all of V x 2.

This way of extending a global game-theoretic upper
expectation is not that common, though. A technique
that is used more often consists in directly applying
Equation (3) to the entire domain V x &*, but with the
real-valued supermartingales replaced by extended real-
valued ones [12, 18, 17]. This of course first requires an
extension 61 ofthelocal models 65 to the domain Z(%),
which can be done in a way similar to what we have
done with EG,@ by imposing continuity with respect

5. This is similar to how [19, Chapter 15] extends the notion of co-
herence from gambles to unbounded real-valued variables.
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to upper and lower cuts.® An extended real-valued su-
permartingale ./ : 2* — R is then characterised by the
condition that 6}(//!(5-)) <. (s) for all s € Z*. Remark-
ably enough, the global game-theoretic upper expecta-
tion that results from this ‘extended supermartingale’-
approach is identical to the operator EGQ we have de-
fined above, using Properties G1 and G2; see for example
the end of 17, Section 8]. We favor our approach, though,
because the use of extended real-valued supermartin-
gales undermines what we think is a key strength of the
game-theoretic approach: that supermartingales—and
hence theresulting game-theoretic upper expectations—
can be given a clear behavioural meaning in terms of
betting.

3.4. Axiomatic Global Upper Expectations

Instead of relying on measure-theoretic or game-
theoretic principles, one can also simply adopt an ab-
stract global model E that is completely characterised
by a number of axioms. In particular, starting from any
given upper expectation tree Q, we suggest to impose
the following list of axioms:

P1. E(f(Xn+1)|xl:n)zaxlm (f) for all f Gf(%) and
all x,., e X*.

P2. E(f|s)=E(fI,|s)forall f €F and all s € 2°*.

P3. E(f|X1) SE(E(fIX1.541)1X11) for all f €F and
all keNo.

P4. f<g=E(f|s)<E(gl|s)forall f,geVandall se2*

P5. For any sequence (f;,),en of finitary gambles that is

uniformly bounded below and any s € Z'*:

lim f, =f=limsupE(f,|s)>E(f]s).

n—+00 n—+00

Here, as well as further on, we call a sequence (f;,),en of
variables uniformly bounded below if there is some BeR
such that f,,(w)> B for all n €N and w €. Furthermore,
the limit lim,,_,, o f,,, as well as all others in this paper,
are intended to be taken pointwise.

Axioms P1-P5 are put forward here because, as we
argue in [18, Section 4], they can be motivated on the
basis of two different interpretations for a global up-
per expectation; a direct behavioural interpretation in
terms of minimum selling prices, or a probabilistic in-
terpretation in terms of sets of linear expectations (or
probability measures). Basically, we find Axioms P1-P4

6. The choice of extending the local models Q; in this particular
way, by imposing continuity with respect to upper and lower cuts,
is motivated in [17, Sections 2 and 8] and [18, section 6], and is,
as far as the resulting global game-theoretic upper expectation—
with extended real-valued supermartingales—is concerned, com-
pletely equivalent with how Shafer and Vovk axiomatise their local
models in [12, Part II].
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straightforward and believe them to be almost unques-
tionable, regardless of the adopted interpretation. Ax-
iom P5, which imposes a form of continuity, is perhaps
more disputable. Nonetheless, compared to other well-
known continuity properties, such as dominated conver-
gence or monotone convergence, Property P5 is rather
weak because it only applies to sequences of finitary
gambles. Note that, in general, finitary gambles play a
central role in our axiomatisation; with the exception
of monotonicity (Axiom P4), all our axioms exclusively
apply to finitary gambles (and their limits). We find this
important because, as explained in [18, Section 4], they
are the only global variables that we feel can be given a
direct operational meaning, and hence, the only global
variables for which axioms can be motivated directly.
More general global variables in V, on the other hand,
that depend on an infinite number of state values, or are
unbounded or even infinite-valued, should be regarded
as abstract idealisations.

Of course, even if we agree upon Axioms P1-P5, it does
not necessarily provide us with a global upper expec-
tation because there may be multiple—or, worse, no—
global upper expectations satisfying these axioms. The
following result shows that there is at least one model
that satisfies P1-P5, and that among all the ones that
satisfy them, there is a unique most conservative—that
is, largest—one. We denote this model by E, 3.

Theorem 1 ([18, Theorem 6]) For any upper expecta-
tion tree Q, there is a unique most conservative global
upper expectation E5 g that satisfies P1-P5.

4. An Equality for Monotone Limits of
Finitary Gambles

Having introduced all three global upper expectations,
we can finally turn to the central problem of this paper:
how are these upper expectations related to each other?
More specifically, we ask ourselves the following. If the
parameters of a stochastic process are equivalent—that
is, if the trees 2 and Q agree—are the global models E»,
Eg,g and E, g then equal? In a recent paper [18], we have
shown that the answer is affirmative for the latter two
models.

Theorem 2 ([18, Theorem 6]) The global upper expec-
tations Ep g and Eg g are equal.

So it only remains to study the relationship between
the measure-theoretic upper expectation E, and the
common upper expectation Eg :=E, g =Egg. To do so,
we will build on two earlier results, gathered from that
same paper [18]; the first one [18, Theorem 14] says that
E» coincides with EQ if the tree & is a precise proba-
bility tree p (and Q is the agreeing (upper) expectation
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tree); the second one [18, Proposition 21] says that they
are also equal for general imprecise probability trees &,
provided that we limit ourselves to finitary gambles. Our
main results extend this equality for general imprecise
probability trees in two ways: to variables that are mono-
tone limits of finitary gambles and to bounded below
Z -measurable variables. In the current section, we work
towards establishing the first extension. Our approach is
straightforward; we will prove that E5 and Eg are both
continuous with respect to monotone sequences of fini-
tary gambles. Since they coincide on finitary gambles,
this directly implies the desired equality.

We start by showing that E5» and Eg are both con-
tinuous with respect to non-decreasing sequences in
V,—and hence definitely in F.

Proposition 3 For any 2 and Q, any s € 2" and any
non-decreasing sequence (f,)nen in Vy, we have that

lim Es (fols)=Ex(fls), w”hfzilégfn = lim f,,

and similarly for Eg.

Proof That the statement holds for E@ follows immedi-
ately from [18, Theorem 9(i)]. To prove the statement
for E@, recall [18, Theorem 14], which says that, for
any precise probability tree p and the agreeing (up-
per) expectationtreeﬁp,we have that E (gls)—Ea (gls)
for all g € V. Then, since EQ is continuous w1th re-
spect to non-decreasing sequences in Vy, [18, Theorem
9(i)], we have, for any precise probability tree p, that

lim,,_+ 0 E(f1$)=E,(fls). Hence, it follows that
sup lim E,(fuls) —SUPE (fIs)=Ex(fls).
p~p 00 p~

On the other hand, we also have that

. e < . e
sup Jm Ep(fuls)< nggloo:gg Ep(fuls)

= 1im Ex(fls)

where the two last limits exist because (f;)nen is non-
decreasing and E —and therefore also E;—is mono-
tone; see e.g. [16 Lemma 18]. So we obtain that
E»(f|s)<lim,,_ ;00 Ex(f,|s). The converse inequality
follows from the fact that f;, < f for all n €N and the
monotonicity of E. [ |

Next, we prove that E, is also continuous with respect
to non-increasing sequences in F—that E satisfies this
type of continuity was already established in [18, Theo-
rem 9(ii)]. The proof is less straightforward, though, and
first requires us to establish the following two topologi-
cal lemmas concerning probability trees. We will say that
a sequence (p;);cn of precise probability trees converges
if there is some limit tree p such that, for each s € 2%,
the mass functions (p;(+|s));ey converge (pointwise) to
the mass function p(:|s).
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Lemma4 Consider any imprecise probability tree 2.
Then any sequence (p;);en Of precise probability trees that
are compatible with & has a converging subsequence
whose limit is compatible with 2.

Lemma5 Consider any sequence(p;);en Of precise prob-
ability trees that converges to some limit tree p. Then, for
any g €F and any s € 2, lim;_,; o E ), (gls)=E,(g|s).

Combined, the two lemmas above suffice to prove
the continuity of E; with respect to non-increasing se-
quences in F.

Proposition 6 For any ? and Q, any s € 2* and any
non-increasing sequence (f,),en of finitary gambles, we
have that

m Bo(fuls)=Ex(fIs), with f = inf f, = lim _f,,
and similarly for Eg.

Proof The statement for Ea follows from [18, Theo-
rem 9(ii)]. To prove the statement for Ez first note that,
since (f;,),en is non-increasing and all f,, are gambles,
the variable f is bounded above. Moreover, f is 7 -
measurable because it is a pointwise limit of finitary—
and therefore certainly % -measurable—gambles [13,
Theorem I1.4.2]. Taking both facts into account, we de-
duce that, for any p ~ 2, the expectation E,(f|s) ex-
ists and hence, because Ep is an extension of E,, (see
Section 3.2), that Ep(fls) =E,(f1s). Since this obviously
also holds for each f,,—because they are finitary and
bounded—the desired statement follows if we manage
to show that

HETMSUP{Ep(fn|S)Z pm@}:sup{Ep(fls): pm@}.

The >’-inequality follows immediately from the fact that
fm =inf, oy f,, = f for all m eN and the monotonicity of
E,. It remains to prove the converse inequality.

Fix any € > 0 and let (p;);cn be a sequence of precise
probability trees such that p; ~% and

E,,(fils)+€>sup{E,(fils): p~2} forall i N.

Note that this is indeed possible because, for all i €N,
sup{E,,(f,-Is): p ’\‘9} <supf; and, since f; is a gam-
ble, sup f; € R. Then Lemma 4 guarantees that (p;);en
has a convergent subsequence (p;(i))keny Whose limit
p* is compatible with &2. Since E . satisfies continu-
ity with respect to non-increasing sequences [18, Prop-
erty M9] (the required conditions are obviously satis-
fied because f,, is finitary and f,, < fj <sup f} €R for
all n eN), there is, for any real a > E ,.(f|s), some n* €
N such that a > E«(f;+|s). Furthermore, since f« is
finitary, and since E.(f,«|s) €R because f;. is a gam-
ble, Lemma 5 implies that there is some k* € N such
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that Epi(k)(fn*ls)—e SEp«(fuxls) for all k > k*. We there-
fore get that

a=Ep,, (fu:|s)—€ for all k> k*. @)

Now consider any k > k* such that i(k) > n*, which
is possible because (i(k))xeny is increasing. Then,
since (f,)nen iS non-increasing, and Ep, is mono-
tone, Equation (4) implies that a > Epi(k)(fi(kﬂs)—e.
Since the tree p;) was chosen in such a way that
Epi(k)(fl-(k)ls)+6Zsup{Ep(f,-(k)ls): p ~<@}, this implies
that a > sup{E,,(fx)|s): p~2 } —2¢. Because this holds
for any k > k* such that i(k) > n, we find that

a> kEElmsup{Ep(ﬁ[k)|s): p~P}-2e

nl_i)r+noosup{Ep(fn|s): p ~9’}—26,

where the equality follows from the fact that (f;,),en
is non-increasing and the monotonicity of E,,. Since
this holds for any real a > E,«(f]s), it follows that
E,«(fls)=1lim,_ o sup{Ep(fn |s):p~2P2 } —2e. Finally,
it suffices to recall that p* ~ 2, to see that

sup{E,,(fls): p M@}Z nl_i)grnoosup{Ep(fnls): p ~<@}—26,
which, since € > 0 was arbitrary, concludes the proof.

It now remains to combine the two types of continuity
with the fact that Ep and Eg coincide on Fx 2™ [18,
Proposition 21] to arrive at our first main result.

Theorem 7 Consider any % and Q that agree, any s €
2* and any f €V that is the pointwise limit of a non-
decreasing or non-increasing sequence of finitary gam-
bles. Then we have that E5(f|s)=Eg(f|s).

5. An Equality for .7 -Measurable Variables

In order to prove our second main result—that E,
coincides with Ea on bounded below & -measurable
variables—we require the notions of upper and lower
semicontinuity.

Let Q be endowed with the topology generated by the
cylinder events {I'(s): s € Z*}. As we show in [16, Ap-
pendix A.2], this topology is metrisable and compact,
and coincides with the product topology on Q=2N. For
any topological space % —and hence for 2 in particular—
a function f: % — R is called upper semicontinuous
(us.c)if {ye%: f(y)<a} is an open subset of % for
each a €R; see [8, Section 11.C and 23.F] or [21, Sec-
tion 3.7.K]. A function f: % — R is called lower semicon-
tinuous (l.s.c.)if —f is u.s.c. and it is called continuous
if it is both u.s.c. and Ls.c. In general, semicontinuous
functions can always be written as pointwise limits of
monotone sequences of continuous real-valued func-
tions (see e.g. [8, Theorem 23.19]). In our case, though,
where % =(), a stronger property holds.
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Lemma8 AnyfeV isu.s.c. (Ls.c.) ifand only if it is the
pointwise limit of a non-increasing (resp. non-decreasing)
sequence( f,,)nen Of extended real variables, each of which
is finitary and bounded below (resp. bounded above).
Moreover; f is both u.s.c. (L.s.c.) and bounded above (resp.
bounded below) if and only if it is the pointwise limit of a
non-increasing (resp. non-decreasing) sequence (fy,)nen
of finitary gambles.

Lemma 8 leads us to two important intermediate re-
sults, the first of which being that E,» and Eg coincide
on the domain of all u.s.c. variables that are bounded
above and all L.s.c. variables that are bounded below. The
result can simply be seen as a restatement of Theorem 7.

Corollary 9 Forany % and Q that agree, any s € 2* and
any variable f €V that is u.s.c. and bounded above, or
Ls.c. and bounded below, we have that Ez (f|s)=Eg(f1s).

On the other hand, Lemma 8 also implies that con-
tinuity with respect to non-increasing sequences of
(bounded above) u.s.c. variables is actually not stronger
than continuity with respect to non-increasing se-
quences of finitary gambles; see [16, Lemma 17]. Since
both E and Eg satisfy the latter type of continuity, we
immediately obtain the following result.

Proposition 10 Consider any 2 and Q, any s € 2*
and any non-increasing sequence (f,,),en Of U.S.C. vari-
ables that are bounded above. Then we have that
lim;, 100 E@Lfnls) =Egp(fls) for f =lim,_ o0 fu, and
similarly for Eg.

Proof This follows fronl [16, Le_mma 17], Proposi-
tion 6 and the fact that E; and Eg are clearly both
monotonous (see [16, Lemma 18]). [ |

Note that, conversely, E} and E@ are also continuous
with respect to non-decreasing sequences of l.s.c. vari-
ables that are bounded below, simply because, due to
Proposition 3, they satisfy continuity with respect to any
non-decreasing (bounded below) sequence.

As a final step towards establishing our desired re-
sult, we will use what is called Choquet’s capacitability
theorem. This theorem can be found in many different
textbooks, but we will make use of the specific version
of Dellacherie [6]. We do this because Dellacherie’s no-
tion of a capacity can directly be applied to an extended
real-valued functional—such as E» and Eg—whereas
most other sources restrict capacities to take the form
of set-functions. Let us start by introducing some key
concepts and terminology regarding capacitability and
analytic functions.

Let Vs be the set of all variables taking values in R
and V‘ZIO the set of all (possibly unbounded) variables
taking values in Rsg. A functional F: Vs — Ry is called
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a Q-capacity if it satisfies the following three properties
[6, Section II.1.1]:

CAl. f<g=F(f)<F(g)forall f,g €Vsy;

CA2. lim,_,, oo F(f,) = F(lim,,_,Jroo fn) for any non-
decreasing sequence (f},)pen in Vsg;

CA3. lim,_,, o F(f,) = F(limn_,+oofn) for any non-
increasing sequence (f;),en Of u.s.c. variables
in V.

Recall from the beginning of this section that Q2 is com-
pact and metrisable, which is in line with Dellacherie’s
assumption about the set ‘E’ in [6, Section II.1.1]; see
[6, Introduction, Paragraph 2]. Furthermore, observe
that CA3 only applies to sequences in VY, instead of
sequences in V; this too corresponds to the definition
given in [6, Section I1.1.1] because Dellacherie always
considers u.s.c. functions to be real-valued [6, Introduc-
tion, Paragraph 2]. In fact, one could restate CA3 so as
to only apply to sequences that are uniformly bounded
above; this follows immediately from the non-increasing
character and the following lemma.

Lemma 11 Any u.s.c. variable f € VY is bounded above.

For any Q-capacity F, we say that a variable f €V is
F-capacitable if

F(f)=sup{F(g): geV%, gisus.c.and f>g}. (5
A variable f € Vs is called universally capacitable if it
is F-capacitable for all Q-capacities F. Now, Choquet’s
capacitability theorem [6, Theorem II1.2.5] states that any
analytic variable is universally capacitable. The defini-
tion of an analytic variable can be found in [6, 8]; we do
not explicitly give it here, because it is a rather abstract
concept that, in practice, can often be replaced by the
simpler and better-known notion of a Borel-measurable
variable. Indeed, according to [6, Section 1.2.6], each
Borel-measurable variable in Vs is analytic. Moreover,
by [16, Corollary 16], the Borel o -algebra on 2 coincides
with the o -algebra & generated by all cylinder events, so
the notions of Borel-measurability and .% -measurability
are equivalent. Combined with [6, Theorem I1.2.5], this
allows us to state the following weaker version of Cho-
quet’s capacitability theorem:

Theorem 12 (Choquet’s capacitability light) Any 7 -
measurable variable f €V is universally capacitable.

As an almost immediate consequence of Proposi-
tion 3, Proposition 6 and Lemma 11, it can be shown that,
for any sex’, the restrictions of both E (+|s) and Ea(-ls)
to V5 are 2-capacities [16, Appendix A.2]. Therefore,
and because these upper expectations coincide on the
u.s.c. variables in V{ j—due to Corollary 9 and Lemma 11
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above—the desired equality for % -measurable variables
in Vzo follows from Equation (5) and Theorem 12. We
can moreover replace Vs by V}, simply because E
and E@ are linear with respect to adding constants [16,
Lemma 18]. This leads to our second main result.

Theorem 13 For any 2 and Q that agree, any s € 2"
and any 7 -measurable variable f € Vy, that is bounded
below, we have that Ex(f|s)=Eg(f|s).

6. Relation with Shafer and Vovk’s Work

Before we conclude this paper, it seems appropriate to
say a few words about how our work here compares
to that of Shafer and Vovk. As readers that are famil-
iar with their work may have noticed, the idea to use
Choquet’s capacitability theorem to extend the domain
of the equality to Z -measurable (or analytic) variables
already appears in [12, Chapter 9]. Another part that
strongly builds on ideas from [12, Chapter 9] is the proof
of Proposition 6; some key steps there were inspired by
the proof of [12, Lemma 9.10]. So it is fair to say that [12,
Chapter 9] served as an important inspiration for our
work. In fact, to the untrained eye, it might perhaps even
seem as if our results do not differ much from those in
[12, Chapter 9]; but take a closer look.

First of all—and most importantly—the setting in
which we define game-theoretic upper expectations dif-
fers considerably from theirs. More specifically, they con-
sider supermartingales under the prequential principle,
which says that Forecaster’s moves—the specification of
the local models Q; (or Gl)—are not necessarily known
beforehand for each situation s € Z*, but instead are
allowed to also depend on previous moves by Skeptic;
see [12, Theorem 7.5] for more details. While this as-
sumption allows them to remain more general—though,
in many practical cases, it does not make much of a
difference—the benefit that we gain from dropping it
is remarkable; it allows us to replace [12, Lemma 9.10]
and [12, Theorem 9.7], which require strong topological
conditions on the parametrisation of the local models,
with respectively Theorem 7 and Theorem 13, which are
similar, but do not need any topological conditions at all.

A second notable difference is that our results involve
alarger domain; Theorem 7, or equivalently, Corollary 9,
applies to both u.s.c. variables that are bounded above
and l.s.c. variables that are bounded below, whereas [12,
Lemma 9.10] only applies to bounded u.s.c. variables;
Theorem 13 applies to bounded below (% -measurable)
variables, whereas [12, Theorem 9.7] only applies to
bounded (analytic) variables.” Our results also allow con-
ditioning on situations; theirs only apply to uncondi-
tional upper expectations. The fact that this extension in

7. Recall that we could just as well have stated Theorem 13 for ana-
lytic variables instead of .# -measurable variables.
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domain is relevant in practice becomes clear when we
also take a look at lower expectations. Indeed, in (more)
practical situations, we are usually not only interested
in the upper expectation of a variable, but also, and si-
multaneously, in its lower expectation [9, 10]. Our results
can be easily extended to this two-sided setting, by com-
bining the conjugacy relation between global upper and
lower expectations with our two main results.

Corollary 14 Consider any 2 and Q that agree, any
se2* and any f €V that is (a) the pointwise limit of
a monotone sequence of finitary gambles or (b) an F -
measurable gamble. Then we have that

Eo(fls)=Eq(fls) and E5(f1s)=Eq(fls).

Note that many practically relevant inferences—e.g. hit-
ting times [9]—fall under category (a) but not under cat-
egory (b), simply because they are not bounded. Yet, it
is exactly this class of variables that is missing in Shafer
and Vovk’s main result [12, Theorem 9.7].

Finally, recall that our results relate E5 to Eg, where
the latter represents, apart from the game-theoretic up-
per expectation EGQ, also the axiomatic upper expecta-
tion E, G. Shafer and Vovk, on the other hand, only relate
Eg to the game-theoretic upper expectation Eg g.

7. Conclusion

Our main results, Theorem 7 and Theorem 13, show that
measure-theoretic, game-theoretic and axiomatic upper
expectations are equal on a large domain of variables; it
contains all variables that are the limit of a monotone
sequence of finitary gambles, and all variables that are
bounded below and % -measurable. It remains to be
seen whether we can extend this equivalence even fur-
ther, to all variables; so far, we have yet to find a coun-
terexample showing that this is not possible.

We would also like to investigate the relation between
our models and the Daniell-Stone type of (global) upper
expectations described in [7]. Comparing Theorem 13
and [7, Theorem 3.10], and taking into account their use
of Choquet’s capacitability theorem, it seems that a close
connection must exist, at least for bounded measurable
variables. A more thorough study is required though be-
fore we can make accurate statements.
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