INDEPENDENT NATURAL EXTENSION FOR CHOICE FUNCTIONS

Supplementary Material: Proofs

Proof [Proof of Lemma 8] We will show that (i) K 4 C (\{Kp,: p € # } and (ii) K 2 "{Kp, : p € .# }. For (i), consider
any A in K 4, meaning that AN %0 # 0 or (Vp € 4 )(3f € A)E,(f) > 0. Both cases imply that A ND,, # 0 for every p
in ./, whence indeed A € (\{Kp,,: p € ./ }. For (ii), consider any A in (\{Kp,: p € .4}, meaning that A N D), # 0 for all
pin .#, and hence indeed A € K 4. |

Proof [Proof of Proposition 19] We will show that (i) K®n p; € ® 1 Kp; and (ii) K®n D; 2 X" i—1Kp;.

For (i), consider any A in K®n p;- Then AN &1 D; 7& @, so let f € A belong to ®" 1Dj. Then fe L(Z1.n)>0—
in which case A € Q’_; Kp, by coherence—or f > X Afic for some m in N, fi, ..., fi in Uj— 1A (1-{)
and m real coefficients A;,,, > 0. But then, for every k in {1,...,m}, the gamble set Ay = {fi} belongs to
U i1 D1\ () () Let furthermore /'Ll’ilm”’ = A1. > 0 for the unique—and hence all—fj.,, in XZLZ1Ak~ This implies
that {¥7, fi} = {¥i, A fim € X Ar} belongs to Posi(Uj_; #.(j1(;)) and since f > Y7, fi. also
{f} € Posi(Uj=1 Z1om 1 () UL (Z1:)>0)- Since f € A, we have that then indeed A € ®'j_; Kp;.

For (ii), consider any A in ®’]’~:1 Kp,. ThenA D B \ Z(Z1:n) <o for some B in Posi(U;l-zl D\ 1= 1)} UZ(Z1:n)>0),
meaning that B = {}}", l,{”"fk: Sfim € Xzzl By} forsome min N, By, ..., B, in Uizt D\ (1= 15} UZL5(Z1:n)>0 and,
for every fi., in XZ; By, mreal coefficients lfilr;;" > 0. For any kin {1,...,m} we have that By belongs to .Z5(.Z}.,)>0—in
which case we call By := {g }—or By = IgBj for some jin {1,...,n}, E in Z5(Z1.,\ {j}) and B in Kp,, meaning that
B§< ND; # 0—in which case we let /4 belong to B;C ND; and define g; := Ighy. Then the gamble f:= Y7, l,f tm g belongs
to B, and all of its terms A" g either are equal to 0, or belong to £ (Z}.) >0 or to Uj=1A1n\ {j}—{j}- Since not all of
these terms are equal to 0, by Theorem 18 then f € ®7:1 Dj, so that B belongs to K®;{:1 Dj» and therefore indeed so does A.
|

Proof [Proof of Theorem 20] This proof will consist of five parts: we will subsequently show that (i) ®'._; K is coherent,
(ii) it is represented by ®'j_ D(K;), (iii) marg,( 1 K;) = K, for every £ in {1,...,n}, (iv) ®'j_1 K; is epistemically
independent, and (v) ®" i—1 Kj is the smallest such set of desirable gamble sets. Then (i), (iii) and (iv) establish that ®’}: 1K
is an independent product of Ki, ..., K,, which is by (v) the smallest one. (ii) establishes the last claim about ®?:] K;’s
representation.

For (i), to show that ®'_; K is coherent, we will regard o/ := Uj_| &\ {j}— ;) @s an assessment on 2(27,). By
Theorem 9 it suffices to show that &7 C Kp for some coherent set of desirable gambles D C £ (Z}.,)—in other words,
that 7 is consistent.

To this end, note already using Theorem 7 that D(K]) ..., D(K,) all are non-empty since K, ..., K, are coherent.
Consider any Dy in D(K)), ..., D, in D(K), and let D* := ®’_; D;. Then Theorem 18 implies that D* is a coherent set of
desirable gambles on .¥ (3&”1,1) that is epistemically 1ndependent—by which we mean that marg, D* = marg, (D* | Ey) for
all disjoint non-empty subsets / and O of {1,...,n} and E; in Z5(.Z;)—and marginalizes to Dy, ..., D,. We will show
that &7 C Kp+. To this end, consider any A in o7, meaning that there is an index j in {1,...,n} such that A € .\ (j}5 (/1>
or, in other words, such that A = IgB for some B in K; and E in Z5( 2., ;;)- Since D; belongs to D(K;) we have that
K; C KD , and therefore B € KD = Kmarg p+. Since Kmlrg p+ = marg ]KD* by Proposition 15 this means that B € Kp+. But
D* is an eplstemlcally 1ndependent set of desirable gambles, and it therefore satisfies marg ;(D* | E ) = marg ;D*, or in other
words, f € D* < g f € D¥, for any fin £ (%), and hence also A = IgB € Kp+. Since the choice of A in o7 was arbitrary,
this implies that indeed <7 C Kp+, guaranteeing that indeed ®" i—1Kj is coherent.

For (ii), since we have just proved that <7 is consistent, we know by Theorem 9 that

QK;=(1{Kp: D €D(Z.) and o/ CKp}

= n{KD: D eD(Z1.,) and (Vj € {1,...,}1})427]:”\{1-}%“} - KD}
= ﬂ{KD: D e D(%n) and (V] S {1,...,)’1},3 S Kj,E (S y@(%:n\{j}))HEB S KD} = ﬂ{KD: D e D*},

where we defined D* := {D € D(21,,): (Vj € {l,...,n},B € K;,E € PG Z1.2(j))IeB € Kp} for the sake of brevity.
This collection D* has two interesting properties: it satisfies U’}:l D\ (y—{jy C Kp+ for every D* in D*, as can be
seen from its definition. It also satisfies for every j in {1,...,n} the inclusion marg JD* C D(K;)—in other words,
marg ;D" € D(K;) for all D* in D*. To show this last property, consider any D* in D*, j in {1,...,n}, and consider
E=Z1.(j) € ,@0(%.”\{]}) That D* belongs to D* implies that B = IgB € Kp+ for every B in K, and hence K; C Kp~.
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But K is a set of desirable gamble sets on 3&”]-, so K; C marg jKD* = Kmarg_,D*, where the equality is due to Proposition 15.
This implies that indeed marg ;D" € D(K).

This part of the proof is established if we show that (\{Kp: D € D*} = ("{Kp: D € ®'_; D(K;)}. We will first show
that @’_; D(K;) C D*. To this end, consider any D in ®'’_; D(K;)—meaning that D = Q’_; D, for some D in D(K}),
..., Dy inD(K,)—and any jin {1,...,n}, Bin K; and E in Z5( 2.\ (3)- That D belongs to D(K;) implies that B € Kp,,
and Theorem 18 tells us that marg;D = D, so B € Kp. But then f € D for some fin B, and since D is an epistemically
independent set of desirable gambles, therefore I f € D, whence IgB € Kp. This implies that D € D*, and therefore,
since the choice of D in ®’_; D(K;) was arbitrary, indeed @’_; D(K;) C D*, which implies that N{Kp: D € D*} C
N{Kp: D € @, D(K,)}.

To establish the equality between these two intersections, it suffices to prove that also the converse set inclusion holds. To
this end, consider any A in {Kp : D € ®’j_; D(K})}, meaning that AN®’;_ D # 0 for all Dy in D(K7), ..., Dy in D(K;).
We need to show that then A € N{Kp : D € D*}—or in other words, that A N D* # @ for any D* in D*—so consider any
D* in D*. We have established earlier that then marg;D* € D(Kj) for any jin {1,...,n}, so that ®’;_; marg ;D" belongs to
®’j_1 D(K;) and we therefore have that A N ®’;_; marg;D* # 0, or in other words, that A € K®r}:1 marg ;D" - But we have

seen in Proposition 19 that K®7-=1 marg; D* is the smallest element of .# that includes U?=1 D\ {j)—1{j}» and therefore,
since we already have established above that J}_; @}, {j3—{j} € Kb+, we have that K®;g:l marg ;D C Kp+. This implies
that A € Kp+, whence indeed A N D* #£ 0.

For (iii), consider any ¢ in {1,...,n}, and we will show that marg,(®',_; K;) = K. We know from the second part of

this proof, established above, that ®'}:1 K; is represented by ®;f:1 D(K j), and therefore also, using Proposition 15, that
marg,(®’_; K;) is represented by marg,(®’i_; D(K})). Infer the following chain of equalities:

marg, (éD(Kj)) :marg5<{éDj: D, €D(K1),...,Dy eD(K,,)})

j=1

= ¢ mar D;): D eD(Ky),...,D, e D(K,
{ gz(@ 1) 1€D(K)) eD( )}
={Dy: D; € D(K}),...,D, € D(K,)} =D(Ky),

where the first equality follows from the definition of ®’_; D (K;), the second one from the definition above Proposition 15
of marg, (D) for any collection D of sets of desirable gambles, and the third one from Theorem 18. This means that
marg,(®’_; K;) is represented by D (K). Theorem 7 then implies that indeed marg,(®'}_; K;) = K.

Finally, for (iv), let K* C 2(Z}.,) be the smallest independent product of Kj, ..., K,. Since K* is epistemically
independent, we have by Equation (4) in particular, for any jin {1,...,n} and E in Z5( 2., (), that

marg;(K* |E) = marg ;K" = K},

where the first equality holds because K is epistemically independent, and the second one because K* marginalizes to
K1, ..., Ky. This implies that any B in K; should belong to K*|E, and hence that [gB € K*. Since this should hold for
any jin {l,...,n}, B in Kj, and E in Z5( 2., (;1), we have that J]_; ., {13 € K. Since K* is coherent, also
posi(U?ZI D\ [y —{j} UZ5(Z1:n)>0) € K*. But this tells us that ®?:1 K; C K*, establishing that ®;f:1 K; indeed is the
smallest independent product of K1, ..., Kj,. |

Proof [Proof of Proposition 21] By Theorem 20 ® ¢/, 1, K¢ is represented by @ye, 1z, D (K ). Infer using the associativity
of the independent natural extension for sets of desirable gambles that

® D(Kg)Z{ ® DgZ(VEELlULQ)DgED(K[)}

leLiULy (eL1UL,
= { Q) Dy, ® X Dy, : (V€ LiULy)Dy eD(Kf)}
l1€Ly lreLy

= { ® Dy, : (V01 € L1)Dy, € D(Kgl)} ®{ ® Dy,: (Vb € LiULy)Dy, € D(ng)}

l1eLy leLy

= ® D(Kfl)® ® D(Kfz)a

(€L bheL,
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so that @yey, 1, Ko is represented by the independent natural extension @y, cz, D(Ky,) @ @y,er, D(Ky,) of two coher-
ent sets of desirable gambles @y, c;, D(Ky,) and &y, c7, D(Ky, ). Theorem 20 then implies that indeed & ey, ur, Kr =
[ |

®51 €Ly K[l ® ®fz 25 ng .

Proof [Proof of Proposition 22] Use Theorem 20 to infer that ®’_, K is represented by @’;_; D(K}), so Q- K; =
M{Kp: D € Q_; D(K;)}. Note that, by Theorem 18, any D in ®',_; D(K]) satisfies

marg,D = marg, (D |E;)

for any disjoint non-empty subsets / and O of {1,...,n}, and E; in &2;(2;). Consider any A in 2(.27) and Ex C Z5(Z0),
and infer the following equivalences

Ac é)K,,- . (VD c é)n(z;,-)) (3fcA)feD & (VD c éD(Kﬂ)(EIfEA)]IEffE D
j=1 Jj=1 Jj=1

n n
& (YD € @D(K))EAAND #0 < Exd € QK;,
Jj=1 j=1

which establishes that ®’}:1 K; satisfies the stronger requirement of Equation (9).

To show that then, as a consequence, any independent product of K, ..., K, includes ,;zfl’fn\ U=t = U’}:l {EA .
A:AcKjand Ey C (@@(%:n\{j})}, it suffices to show that the smallest independent product ’}:1 Kjof Ky, ..., K,
includes ;zfl*:n\ =4 To this end, consider any j in {1,...,n} and any A in K;. Then since ®’,_; K; marginalizes to K,
we have A € ®'_; K;. By Equation (9) [use O = {j} and [ := {1,...,n}\ {j}], then also E4 -A € ®',_; K; for any
Ex C P5(Z1.0\(jy)- Since the choice of jin {1,...,n} was arbitrary, this implies that indeed Ml’fn\{j}%{j} CRj K. 1

Proof [Proof of Lemma 24] To show that D is coherent, it suffices by Theorem 6 to show that £~ N posi(]I{F}Dl U
[;yyD2) = 0. To this end, consider any f in posi(ljzyD1 Ul;yyD,), meaning that f = Y| A fi for some m in N, real
coefficients A;.;, > 0, and gambles fi, ..., fi; in ]I{F}Dl U]I{U}Dz. For every k in {1,...,m}, if f; belongs to H{F}Dl
then fi(U,H) = fi(U,T) =0 and f;(F,H) + fi(F,T) > 0, and if f; belongs to I;y) D, then fi(F,H) = fi(F,T) = 0 and
fi(U,H)+ fi (U, T) >0,0r fi(U,H)+ fx (U, T) =0but then f (U,H) > f(U,T). This implies that f(+,H)+ f(+,T) >0
whence indeed f ¢ Z<.

To show that it is no independent product, let us show that margy D C margy (D |{U}), so that learning that the coin is
unfair, results in a bigger Y-marginal than not learning anything at all. More specifically, we will show that margy D = D
and margy (D|{U}) = D,.

To show that margy D C Dy, consider any f in marg,D. Then f € £ (%) and f € D, meaning that f > 0—in which
case f € D; by its coherence—or f > YJ' | A fi for some m in N, real coefficients A;.,, > 0, and gambles fi, ..., fu
in I;py Dy Ul D2 Since f belongs to (%), we have that f > %er% Yl Axfi(x, ), and therefore f(H)+ f(T) >
Y ver I Afe( H) + 3 e o Ty Afi(x,T) > 0, so that indeed f € Dy.

That also margy D 2 D; follows once we realise that Dy C Dy, whence D 2 posi(Iipy Dy UlLyyyD1 U ZL(2° x #)~0) =
posi(Dy UL (2 x %)), which is the cylindrical extension'? of Dy, a coherent set of desirable gambles that marginalizes
to Dj.

To show now that conditioning on {U } changes the marginal margy (D |{U}) information to D5, let us show first that
margy (D|{U}) C D,. This follows once we realise that D; C D and therefore D C posi(Ijz1 D2 UlyyyDy UL (2 X
W )s0) = posi(Dy UL (2 x ¥ )s0), which is the cylindrical extension of Dy, a coherent set of desirable gambles that
marginalizes to D,. This implies that margy D C margy posi(D; UL (2 X % )s0) = Da.

To show, conversely, that margy (D [{U}) 2 Dy, consider any f in D;. This implies that I;;y f € I;;yD2 C D. By the
conditioning rule for sets of desirable gambles

D|E ={fe Z(E): Igf € D},
then f € D|{U}, and since f belongs to £ (%), indeed f € margy (D [{U}). |
Proof [Proof of Lemma 25] Since Y is a binary variable, it suffices to check that

{]I{U}f+ €, *H{F}f‘i’ e} €Kp

12. See De Cooman and Miranda [11, Proposition 7].
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forall fin £ (Z") and € € R, as discussed right after Definition 23. So consider any fin .£(Z") and € € R-; we need
to show that then Iy f+ € or —Iy) f+ € belongs to D. We will proceed by considering two exhaustive cases: (i) f € D
and (ii) f ¢ D.

For (i) f € D implies that Iy, f = I;y) f(U, +) € D|{U}. But in the proof of Lemma 24 we have established that
margy D |{U} = D, and therefore f(U, ») € D2, whence Iy, f =1y f(U, *) € Iyyy D2 C D, and therefore indeed Iy f+
eeD.

For (ii) f ¢ D implies that Iyzy f = Iy f(F, «) ¢ D |{F }. By a completely similar argument as in the proof of Lemma 24,
we can establish that margy D |{F} = D, so that I;z\ f(F, +) ¢ D;. But this means that [yz\ f(F,H) + Lz, f(F,T) <0,
whence —Ipy f(F,H) + € —Lp) f(F,T) + € > 0 and therefore indeed —Lzy f+ €& = —I(r) f(F,+)+€ €Dy CD. |
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